where P is a set of diagonal positive de nite matrices. We improved their results to obtain the supremum of scaled pseudoinverses and derived the stability property of scaled pseudoinverses. Forsgren further generalized these results to derive the supremum of weighted pseudoinverses sup W2P k(W 1 2 X) + W 1 2 k 2 where P is a set of diagonally dominant positive semide nite matrices, by using a signature decomposition of weighting matrices W and by applying the BinetCauchy formula and Cramer's rule for determinants. The results are also extended to equality constrained linear least squares problems.
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In this paper we extend Forsgren's results to a general complex matrix X to establish several equivalent formulae for sup W2P k(W 1 2 X) + W 1 2 k 2 , where P is a set of diagonally dominant positive semide nite matrices, or a set of weighting matrices arising from solving equality constrained least squares problems. We also discuss the stability property of these weighted pseudoinverses.
Introduction
In this paper we will use the following notation. C m n (R m n ) is the set of m by n matrices with complex (real) entries, C m n r is a subset of C m n in which any matrix has rank r, C m (R m ) = C m 1 (R m 1 ). I m denotes the identity matrix of order m, 0 m n is the m by n matrix with zero entries (if no confusion occurs, we will omit the subscript), and k k k k 2 is the Euclidean vector norm or the spectral matrix norm. For any matrix X 2 C m n r , X + is the Moore-Penrose pseudoinverse of X, X T is the transpose of X, X H is the conjugate transpose of X, rank(X) is the rank of X, R(X) is the range of X: X (i) X means that X (i) is a submatrix of X formed with a set of rows of X. P(X) is a set of real symmetric positive semide nite matrices of order m = rows of X such that for any W 2 P(X), rank(WX) =rank(X). inf + (X) denotes the smallest nonzero singular value of X. where W = W( ) 2 P(X), > 0 is a parameter. Similarly, when solving the equality constrained least squares problem (LSE) 9] min x2R n kW 1 2 2 (Kx ? g 2 )k subject to Lx = g 1 (1.4) by the weighting method, one will also obtain a WLS problem like (1.3). When ! +1, the minimum 2-norm solution of (1.3) will tend to the minimum 2-norm solution of (1.2) or (1.4).
Let X 2 C m n , g 2 C m and W = W( ) 2 P(X) be given. Let X = X + X and g = g + g be the perturbed versions of X and g respectively satisfying rank(W generalized this result to the case when X 2 R m n n and P P(X) is a set of diagonally dominant positive semide nite matrices, or a set of matrices arising from handling the LSE problem (1.4) by the weighting method. Forsgren constructed a signature decomposition of any matrix W 2 P and applied the Binet-Cauchy formula and Cramer's rule to derive these results.
In this paper we extend Forsgren's results to a general complex matrix X to establish several equivalent formulae for sup W2P k(W 1 2 X) + W 1 2 k with some P P(X). In particular, we will discuss the case that P P(X) is a set of semi-positive diagonal matrices, a set of diagonally dominant positive semide nite matrices, or a set of weighting matrices arising from solving the LSE problem (1.4) by the weighting method. We also discuss stability properties of these weighted pseudoinverses.
The paper is organized as follows. Section 2 will derive equivalent formulae for the supremum of weighted pseudoinverses; Section 3 will derive equivalent formulae for the supremum of weighted pseudoinverses arising from the LSE problem with the weighting method; Section 4 will discuss the stability of weighted pseudoinverses; Section 5 will conclude the paper with some remarks.
In xx3-4, we need the following fact. Lemma 1.1. Suppose that L 2 C m1 n and K 2 C m2 n . Let
( We now present the rst main result of this section. Theorem 2.2. Suppose that X 2 C m n r with r > 0, integer l r. Let U R m l and P P(X) be two given sets of matrices which respectively satisfy 8U 2 U; rank(U T X) = r;
where U T J (U T ) J , and
from which we obtain by using the same argument as in step (1) of the proof of Theorem 2.1, inf 
From (2.14), is the convex combination of the basic solutions. Then in exactly the same way as in the proof of 4, Theorem 3. In the case that l = m and U = fI m g so that P is a set of semi-positive diagonal matrices, we then obtain essentially the same results as in 21]. 
(2.20)
Remarks. 1. For given X 2 C m n r , U satisfying (2.8), P de ned in (2.9), (2.14)
provides the geometric structure of the minimum 2-norm WLS solution of (1. where L 2 R m1 n , K 2 R m2 n are given matrices, and g 1 2 R m1 , g 2 2 R m 2 are given vectors. In this section we will generalize Forsgren's results to derive equivalent formulae for the supremum of such weighted pseudoinverses for general complex matrices L, K and some set P 2 P(KP) with P = I n ? L + L.
Let L 2 C m1 n p , K 2 C m2 n , g 1 2 C m1 and g 2 2 C m2 be given. is the minimum 2-norm solution of the LSE problem (3.1a). In this section we will derive equivalent formulae for the supremum sup
for some set P 2 P(KP). We rst need the following result: Then (3.7) follows from Lemma 2.1 and (3.5).
Now we can present the main result of this section by applying Theorem 2.1, Lemma 3.1 and by using the idea in 4, x6]. Theorem 3.1. Let L 2 C m1 n , K 2 C m2 n be given and X = L K . Suppose that rank(X) = r and rank(L) = p. Let U 2 R m2 l be a given set of matrices for some integer l m 2 , such that 8U 2 U 2 ; rank(U T KP) = rank(KP) = r ? p; On the other hand, for each J 2 J(Ã) such that f1; ; pg J, denote J = f1; ; p; i p+1 ; ; i r g and J 2 = fi p+1 ? p; ; i r ? pg. Notice that from (3.19)- 
Substituting this into (3.25) we get
(3.26)
Then by applying the same argument as in 4, x6],
By applying (2.1), (3.19) and ( Notice that the above equality holds for any U 2 U 2 and J 2 J(U T KP). We obtain by using the same argument as in step (1) of the proof of Theorem 2.1,
The remaining equalities of the theorem can be proved by applying Theorems 2.1, 2.2 and Lemma 3.1.
In the case that l = m 2 and U 2 = fI m2 g so that P 2 is a set of semi-positive diagonal matrices, we have the following result: Proof. In Theorem 3.1, take l = m 2 and U 2 = fI m2 g. In the case that P 2 is a set of m 2 m 2 diagonally dominant positive semide nite matrices, we can use a similar signature decomposition of any matrix W = UDU T 2 P 2 , as in 4], to obtain the following result: Corollary 3.2. Under the notation and the conditions in Theorem 3.1, furthermore suppose that P 2 is de ned as 
Proof. From 4, x3], any matrix W 2 P 2 has the form W = UDU T with D; U de ned in (3.32) and (3.33).
Remarks. 1. For given L 2 C m1 n p , K 2 C m2 n such that X = L K 2 C m n r , U 2 satis ng (3.15), P 2 de ned in (3.17), (3.26) provides the geometric structure of the minimum 2-norm solution of (3.1a) for given W 2 P 2 , which is a generalization of the formula in 4]. So kX + k are bounded for all small perturbations X with k Xk kX + k < 1 i rank(X) = rank(X), where 0 < 1 is a constant. For stability of weighted pseudoinverses, the situation is more complicated.
In this section we will discuss the stability property of (W In the following we specify two special cases. Furthermore, if the condition in (4.15a) holds, then for anyL;K andX which are de ned in (4.12b) and satisfy the conditions in (4.13), such that kE X k a (P 2 ) with 0 < a < 1 some constant, we have the following estimate: 1 and rank(U T NK P) = rank(KP) = r ? p. Let X = L K , then rank(X ) =rank(X) = r and N 2 J(U TK P). So by applying Theorem 3.1 we have Notice that (4.17) holds for any U 2 P 2 and any N 2 J(U TKP ). We conclude by applying in which q is any integer satisfying q r ? p, 1 i 1 < < i q m 2 and 1 j t < l t m 2 for t = 1; ; r ? p ? q. Then rank(U T Remark. As mentioned at the beginning of this section, for a given matrix X, rank preserving of perturbed matricesX = X + X guarantees boundedness of kX + k for all small perturbations X satisfying k Xk kX + k < 1 for any constant 0 < < 1.
From the discussion of this section, we see that when analyzing stability of weighted pseudoinverses of X, rank preserving of perturbed matricesX is not adequate to guarantee the stability of weighted pseudoinverses of X over a set P or P 2 . We need some extra structural conditions on the matrix X. So when analyzing stability properties of interior methods, one should take special care.
Concluding remarks
In this paper we have discussed equivalent formulae and the stability properties of weighted pseudoinverses (W( ) We have also studied algebraic properties of the weighted pseudoinverses arising from solving the LSE problem, which can be used to further study the LSE problem.
